We investigate the error made by the pairwise summation (PWS) approximation in three geometries where the exact formula for the Casimir interaction is known: atom-slab, slab-slab and sphere-slab configurations. For each case the interactions are calculated analytically by summing the van der Waals interactions between the two objects. We show that the PWS result is incorrect even for an infinitely thin slab in the atom-slab configuration, because of local field effects, unless the material is infinitely dilute. In the experimentally relevant case of dielectric materials, in all considered geometries the error made by the PWS approximation is much higher than the wellknown value obtained for perfect reflectors in the long-range regime. This error is maximized for permittivities close to the one of Silicon.
I. INTRODUCTION
The Casimir effect is the universal attraction between two perfectly reflecting plates in quantum vacuum due the zero-point fluctuations of the electromagnetic field as first described in the seminal paper by Casimir 1 . A quantum mechanical treatment of van der Waals forces including the finite speed of light had already been established by Casimir and Polder shortly before by means of quantum electrodynamics 2 . It is therefore natural to wonder whether Casimir interactions between macroscopic objects can be deduced from the van der Waals interactions between their constituting atoms. A simple way of making this link would be to sum the van der Waals interactions between all pairs of constituting atoms, an approximation method known as pairwise summation (PWS). It is worth noting that attempts at explaining macroscopic interactions between colloids by pairwise summing van der Waals interactions were already carried out by de Boer and Hamaker 3 ten years before the work of Casimir and Polder.
However, the attractive PWS idea, that would reduce the Casimir effect -a physical effect of boundary conditions on the electromagnetic vacuum field -to a macroscopic resultant of two-body interatomic forces, has not been fundamentally successful. Indeed, PWS fails by construction to take into account any many-body effect. Such effects, for instance the screening of electromagnetic fields, are crucial in condensed matter physics, and have to be accounted for when computing the Casimir effect between macroscopic objects. Another fundamental cause of the insufficiency of PWS is the existence of three-body van der Waals-type interactions 4 . For permeable materials even the sign of the interaction can be erroneous when calculated within PWS 5 . Nevertheless, given the complexity of performing exact calculations of the Casimir effect in different geometries, the PWS approximation is still used nowadays since it provides approximations to the true Casimir interactions [6] [7] [8] . The results obtained by PWS are then often empirically renormalized by a corrective factor computed in a simpler case where the exact Casimir interaction is known.
Limitations of PWS have been given in the past using a path integral formulation for fluctuation-induced forces to study the orientational dependence of PWS 9 , the force between deformed plates 10 or within a perturbative expansion in the dielectric contrast between arbitrarily shaped bodies 11 . Recently first principle calculations have obtained the PWS approximation as an asymptotic approximation of the Casimir energy in the weakly-coupled 12 or diluted limit 13 . In this paper, we investigate the error made by PWS using the scattering approach [14] [15] [16] in the atom-slab, slab-slab, and sphereslab geometries, three fundamental geometries where the exact formula for the Casimir interaction is known. We investigate which effects cause the failure of the PWS approximation, and we study its error as a function of the material and the slab thickness. In Sec. II, the interactions between an atom and a slab, between two slabs and between a slab and a sphere are calculated analytically by PWS at any distance between the two interacting objects. Then, in Sec. III, the importance of local field effects as a cause of the failure of PWS is emphasized. The influence of the material for bulk mirrors and the effect of slab thickness in the long-range limit are studied in Sec. IV. We summarize our findings in Sec. V.
II. PWS CALCULATION OF CASIMIR INTERACTIONS
PWS calculations are usually carried out in the short-range and long-range limiting regimes 13, [17] [18] [19] where Casimir-Polder interactions reduce to power laws. For the sake of generality, we carry out the PWS calculation of the general Casimir-Polder interaction in order to obtain PWS estimates of the interactions between an atom and a slab, between two slabs, and between a sphere and a slab, at any distance between them. In these three wellknown geometries, the PWS results can then be compared to the exact ones.
A. Atom-slab geometry
We start from the van der Waals formula 2 giving the interaction energy between two atoms A and B of polarizabilities α A (ω) and α B (ω), lying at a distance d:
where the integral is written over imaginary frequencies, ω = ıcu. We then consider a slab of thickness e A constituted of n A v atoms per unit volume at a distance L along the z axis from an isolated atom B (see Fig. 1 ). We compute the PWS interaction between the slab (s) and the atom (a) by summing the van der Waals interactions (1) between each atom A of the slab (s) and atom B:
The integrations over r and z can be carried out by parts after inverting them with the integration over u, yielding the following result:
Γ being the incomplete Gamma function Γ : (a, x) → ∞ x dt t a−1 e −t . A limiting case is the infinitely thick slab (e A → ∞), corresponding to a bulk material. We will call this situation atom (a)-bulk plate (p) configuration in the remainder of the paper. For this geometry we obtain the following interaction potential within PWS:
B. Slab-slab geometry
In order to compute the PWS estimate of the Casimir interaction between two slabs, we simply sum the previous result (3) over atoms B constituting another slab with thickness e B and number of atoms per unit volume n B v in the same way as before (see Fig. 2 ). This procedure leads to the following PWS estimate of the Casimir interaction between two slabs of thicknesses e A and e B at a distance L, per unit surface:
with
a primitive function of f (x) (see Appendix). When the slab thicknesses become infinitely large we obtain for the interaction between two bulk plates:
C. Sphere-slab geometry
We next consider a third experimentally relevant situation where object A is (again) a slab of thickness e A and density n A v , while object B is a sphere of radius R and density n B v . L is the surface-surface distance of the two objects, while L will be the center-to-plate distance (L = L + R) (see Fig. 3 ). We compute the interaction between the two objects by summing the atom-slab result given by Eq.(3) for each atom of the sphere B which lies at a distance d = L + r from the slab, with r ∈ [−R, R]:
After several integration by parts, it is possible to show that the energy reads:
two successive primitives of g(x) (see Appendix). In the limiting case of e A → ∞, we obtain:
III. LOCAL FIELD EFFECTS AND PWS
In Sec. II A, we calculated the PWS estimate of the atom-slab interaction by direct summation of the van der Waals atom-atom interactions. We now show that the same result can be derived within the scattering approach, which will make it easier to compare analytically the PWS result and the exact Casimir interaction in the atom-slab geometry.
A. Equivalence between PWS and the summation of reflection matrices
The Casimir interaction at zero temperature between any two objects A and B at a distance R along z from one another can be expressed as follows within the scattering approach to Casimir forces [14] [15] [16] :
(10) In this formula, R A and R B are the reflection matrices of the two interacting objects, while the two e −KR factors are propagation matrices. The term R B e −KR R A e −KR therefore corresponds to a complete roundtrip of the vacuum field between the two objects A and B: the field propagates from B to A before being reflected by A, then it propagates back to B and is reflected by B. The integration is on imaginary frequencies ω = ıcu of the electromagnetic field, while the trace Tr runs over all independent field modes at a given frequency ω = ıcu. Therefore, this formula takes into account the contribution of every electromagnetic mode to the Casimir effect. If one of the objects is an atom, only a small fraction of the field is scattered back to object B and we may safely neglect multiple reflections. Thus, if A or B -or bothare atoms, the general formula (10) can be used at first order in R B e −KR R A e −KR , reducing to:
In particular, inserting the expressions of atom reflection matrices (13) into the general Casimir interaction formula at first order (11) gives the van der Waals interaction between two atoms (1).
Let us now consider, as in Sec. II A, the case of an isolated atom B in front of a slab constituted of atoms A (see Fig. 1 ). Since formula (11) is linear in R A , it is equivalent to carry out a pairwise summation of atomatom interactions as in Sec. II A or to sum the reflection matrices of the constituting atoms in order to obtain the reflection matrix of the slab. More precisely, if we write the slab reflection matrix as R s = A R A ( R A ), where R A is the position of each atom A of the slab (the isolated atom B being at the origin of coordinates), the atom-slab interaction can be written using (11):
We thus obtain the predicted result. It can also be understood intuitively: summing the reflection matrices of the constituting atoms amounts to considering each atom of the slab as an independent scatterer. Each of these atoms then interacts independently with the isolated atom through the electromagnetic field in an equivalent manner to PWS.
B. Calculation of slab reflection coefficients by summation of reflection matrices
Having established that PWS is equivalent to summing the atom reflection matrices in the atom-slab geometry, we will now compare the exact reflection coefficients of a slab to the reflection coefficients obtained by summing the reflection matrices of the constituting atoms. For this, let us first calculate explicitly the latter coefficients.
First, we write the position vector of an atom A of the slab as R A = ( r A , z A = L + ζ A ). Thus ζ A ranges from 0 to e A (see Fig. 1 ), while r A ∈ R 2 . In order to compute R s = A R A ( r A , L + ζ A ), we calculate a matrix element of R s in the plane wave basis. At a given frequency, each plane wave is characterized by its twodimensional transverse (i.e. orthogonal to z) wave vector k, its longitudinal direction and its polarization p, transverse electric (TE) or magnetic (TM). This description is complete since the modulus of the longitudinal component k z of the wave vector can be deduced from the
Let us choose two plane waves ( k 1 , p 1 ) and ( k 2 , p 2 ), the first one with longitudinal component in the + direction along z and the second one with longitudinal component in the − direction along z. Their respective unit polarization vectors are therefore notedǫ
The matrix element taken between our two plane waves of the reflection matrix of an atom A at ( 0, L) is 20 :
In this formula, κ 2 is defined as: |k
· rA e −(κ2−κ1)ζA , taking into account the field's propagation between ( 0, L) and each atom A situated at ( r A , z A = L + ζ A ).
We are now able to compute the matrix element of R s = A R A ( r A , L + ζ A ) between the two plane waves:
Once the integrals are calculated and k 2 , p 2 |R A | k 1 , p 1 is replaced by its explicit expression (13), it yields:
The scalar products of polarization unit vectors can be easily calculated by writing down the explicit form of these vectors as a function of k and k z 20 . Thus,ǫ
u 2 ). We finally obtain:
where σ(T E) = 1 and σ(T M ) = −1, and where:
Equation (16) is totally general since it reflects the invariance laws of specular reflection: the transverse wave vector is conserved by specular reflection (this arises from the x and y invariance of the system through Noether's theorem), and TM and TE polarization are eigenmodes of specular reflection.
On the contrary, the reflection coefficients (17) and (18) are specific to our summation approach. Using these coefficients instead of the exact ones to compute the atom-slab Casimir interaction is equivalent to using the PWS approximation. We have proven this formally in Sec. III A, and it is straightforward to verify it explicitly by calculating the atom-slab Casimir interaction using formula (11) with the form of R s we have just found: the result obtained is exactly the one obtained by PWS, i.e. (3).
C. Comparison of the exact Casimir interaction
and the PWS estimate in the atom-thin slab geometry
In order to gain some insight into the error made by PWS, we now compare the reflection coefficients calculated by summation in the previous section to the exact ones. This is equivalent to comparing the exact Casimir interaction and the PWS estimate in the atom-slab geometry.
So as to obtain its exact reflection coefficients, the slab is considered as a quantum optical network obtained by piling up a vacuum/matter interface, propagation over a length e A in matter and a matter/vacuum interface. Its transfer matrix is therefore the product of the transfer matrices of the three elementary networks constituting it. For a given polarization p=TE,TM the slab reflection coefficients can be obtained from its transfer matrix 21 .
In
If the exact reflection coefficients (19) are used to calculate the atom-slab interaction from formula (11), the expression of the exact Casimir-Polder interaction is obtained 20 . As both exact (19) and PWS (17-18) reflection coefficients are nonlinear function of the slab thickness e A , we compare them in the case of a thin slab (e A → 0). This limiting case is interesting since one reason generally invoked to explain the errors of PWS is that it fails to take into account the screening of the electromagnetic field. If screening was the only problem of PWS, this method would be most accurate for a thin slab.
A first order development in e A of the reflection coefficients obtained by summation (17) (18) gives:
Similarly, the exact reflection coefficients (19) become, at first order in e:
We notice that, at first order in e A , the two TE reflection coefficients (20) and (22) ≪ 1, that is to say only in the case when the material of the slab is infinitely diluted. This condition found in the limit of thin slabs is very general. In fact it can proven to be sufficient for any slab thickness: the condition ǫ(ıcu) = 1 + 4π n v α(ıcu) 4πǫ0 with 4π n v α(ıcu) 4πǫ0 ≪ 1 is the first-order approximation of the Clausius-Mossotti relation:
when n v α(ıcu) is very small, i.e. at the diluted limit. If we insert this first-order approximation to the ClausiusMossotti relation in the exact reflection coefficients (19), we obtain the reflection coefficients found by summation (17-18) for any slab thickness.
Replacing the Clausius-Mossotti relation by its firstorder approximation amounts to neglecting local field effects. Therefore our analysis indicates that local field effects are crucial in the errors made by PWS. Moreover, the fact that the condition of validity of PWS is not more restrictive for a thick slab than for a very thin one suggests that screening is not the most important of the effects that cause the errors of PWS.
IV. INFLUENCE OF THE MATERIAL IN THE LONG-RANGE LIMIT
The formal comparison of the Casimir interaction and its PWS estimate in the atom-slab geometry has enabled us to gain some insight into the reasons why PWS is not exact, emphasizing the role of local field effects among the different many-body effects that are not taken into account in PWS. However, such formal comparisons are quite difficult to carry out in general, and it is of great practical importance to know the magnitude of the error made by approximations such as PWS.
The results that are generally cited about the errors of PWS involve perfect reflectors 17, 18 . In the long-range (retarded) limit, the ratio between the pairwise approximation and the exact value of the atom-slab interaction is 1.15 if the slab is a perfect reflector. In the slab-slab geometry, this ratio is 0.80 17 . As the perfect reflector is an idealization, we may wonder how this ratio changes for real materials. In this section, we estimate numerically the ratio between the pairwise approximation and the exact value of the Casimir interaction for dielectric materials in the atom-slab and slab-slab geometries. In order to achieve model-independent results we restrict ourselves to the long-range limit.
A. Atom-slab interaction
Let us in a first step suppose that the slab thickness e A is much larger than L. The influence of the slab thickness will be addressed later-on.
Besides we suppose that the distance L between the atom and the slab is much larger than any relevant intrinsic characteristic distance, such as the wavelengths corresponding to the atomic transitions of the isolated atom, and any wavelength characteristic of the permittivity of the slab material. Practically, for a typical atom and a silicon slab with permittivity modeled by a DrudeLorentz formula 22 , this means that L > 1 µm. The exact atom-bulk plate interaction can be expressed thanks to formula (11) , where R P is the slab reflection matrix (16) with the exact reflection coefficients (19) . The latter reduce to the bulk Fresnel reflection coefficients, since we are dealing with infinite slabs. The result reads 20 :
where r T E = κ−κm κ+κm and r T M = κm−ǫκ ǫκ+κm , with κ m = u 2 ǫ(ıcu) + k 2 . In the long-distance limit, the propagation factor e −2κL in the atom-plate Casimir interaction formula (25) vanishes except at small frequencies ω = ıcu, so that the polarizability of the isolated atom α B (ıcu) and the permittivity ǫ(ıcu) can be replaced by their static values α B (0) and ǫ(0).
In the PWS approximation, the interaction will thus be given by formula (4). As before, the propagation factor e −2uL allows for replacement of α A (ıcu) and α B (ıcu) by α A (0) and α B (0) in this formula in the long distance limit. Explicit integration then shows that formula (4) reduces to:
This long-distance limit of formula (4) can be found by simple pairwise summation of the retarded CasimirPolder interaction 17 . We notice that in the long-distance limit, α B (0) is a simple multiplicative factor in both the exact Casimir interaction and its PWS estimate. Therefore, in this limit, the ratio U PWS a−p /U a−p does not depend on any property of the isolated atom. Besides, in order to compare the PWS estimate to the exact Casimir interaction, α A (0) is expressed as a function of ǫ(0) thanks to the ClausiusMossotti relation (24) .
It is now possible to compute the ratio U PWS a−p /U a−p in the long range limit as a function of the only remaining material parameter ǫ(0). The result obtained is traced in Fig. 4 .
We observe on Fig. 4 that the PWS method becomes correct when ǫ(0) → 1, that is to say when the bulk matter becomes infinitely diluted. This is consistent with the conclusions of Sec. III. Besides, we find the well-known result U We now consider a finite thickness e A for the slab and study its effect on the accuracy of the PWS method. We start from the derived expression (3) for the energy between the slab and the atom, and then apply the longdistance limit so that the polarizability of the isolated atoms can be replaced by their static values. It leads to a result similar to the bulk case (26), except for a thickness-dependent factor:
For the computation of the exact Casimir energy, we use Eq.(25) with the thickness-dependent Fresnel coefficients introduced in Eq. (19) . The obtained ratio is traced in Fig. 5 for various values of the relative thickness e = e A /L which is dimensionless. We observe that the ratio of the PWS estimation over the exact result is also strongly dependent on the thickness of the slab compared to the distance between the two objects: while for a large thickness compared to the distance (e ≫ 1) the bulk plate case is recovered for any static permittivity, the ratio decreases dramatically when the thickness decreases. At the limit of infinite permittivity, or perfectly reflecting objects, the ratio goes as expected to the thickness-dependent ratio 1 − (1 + e A /L) −4 . 
B. Two slabs
Let us now carry out the same study for two bulk materials. In this geometry, the whole formula (10) has to be used since multiple reflections are not negligible. Using equation (16) for the reflection matrix of each plate, this formula gives the energy per unit area:
This formula is only valid for specular reflection. The general formula (10) for the Casimir interaction between any two objects was in fact first obtained as a generalization of the specific formula (28) 15 . After writing explicitly the trace over field modes, formula (28) becomes:
with the bulk reflection coefficients r T E and r T M such as defined after eqn. (25). We have assumed here that both plates are identical. In the case of perfect reflectors (r 2 = 1), formula (29) reduces after some calculations to the original Casimir formula
720L 3 . In the PWS approximation, the interaction between two plates at any distance has been computed in Sec. II, formula (6). In the long distance limit the polarizabilities can be replaced by their static values, so that the general PWS result (6) can be simplified:
This long-distance limit of formula (6) In order to compare the exact Casimir interaction and its PWS estimate, we use once more the ClausiusMossotti relation (24) to express α(0) as a function of ǫ(0). We now compute the ratio U PWS p−p /U p−p in the long range limit using the same method as in the previous section. The result obtained is traced as a function of ǫ(0) in Fig. 6 . While the global aspect of the ratio U PWS p−p /U p−p in Fig. 6 is similar to the one plotted in Fig. 4 (atom-bulk plate interaction), the error of PWS in the two plates geometry is found to be twice as large, reaching now up to 60%.
Moreover, a striking feature in Fig. 6 is that the ratio U PWS p−p /U p−p is larger than one for most dielectric materials (ǫ(0) 100), while it is smaller than one for the perfect reflector (U PWS p−p /U p−p = 621 8π 4 ≃ 0.797). Thus, the perfect reflector result does not provide a correct explanation as to the reasons of failure of PWS in most materials. This observation illustrates the complexity of the error made by PWS: the PWS estimate can be either smaller or larger than the exact Casimir interaction depending on the material for a given geometry. Furthermore, screening of electromagnetic fields by slab atoms turns out not be the main responsible for the error as we would then expect the ratio U PWS p−p /U p−p to be larger than one for all values of ǫ(0), which is not the case here. As we have argued in Sec. III, local field effects seem to play a crucial part in this error.
We now consider finite thicknesses e A , e B for the slabs and study the effect of these parameters on the accuracy of the PWS method. We start from the derived expression (5) for the energy between the slabs, and then apply the long-distance limit so that the polarizability of the isolated atoms can be replaced by their static values. It leads to a result similar to the bulk case (32), except for a thickness-dependent factor:
For the computation of the exact Casimir energy, we use Eq.(29) with the thickness-dependent Fresnel coefficients introduced in Eq. (19) . For simplicity we will only consider the case where e A = e B . The obtained ratio is traced in Fig. 7 for various values of the relative thickness e = e A /L = e B /L, as in the atom-slab case in Fig. 5 . We observe that the ratio of the PWS estimation over the exact result is also strongly dependent on the thickness of the slabs compared to the distance between them: while for a large thickness compared to the distance (e ≫ 1) the bulk plate case is recovered for any static permittivity, the ratio decreases dramatically when the thickness decreases. At the limit of infinite permittivity, or perfectly reflecting objects, the ratio goes as expected to the thickness-dependent ratio 1 − 2 (1 + e) −3 + (1 + 2e) −3 .
C. Sphere-bulk plate geometry
We finish this study with the sphere-slab configuration, where a sphere of radius R has its center at a distance L from an infinitely thick slab. In this geometry the exact quantity for the Casimir energy U sph−p has to be derived from the general scattering formula (10), with R S and R P the reflection operators on the sphere and on the plane, respectively. These operators can be expressed thanks to the bases of planar and spherical waves, as discussed in details in 23, 24 . In the present study, we consider the long-range limit, in the sense that the distance between the sphere and the infinite slab L = L − R is much larger than any wavelength λ characteristic of the permittivity ǫ of the objects material. As in the previous cases the permittivity and polarizability in the reflection operators R S and R P can then be replaced by their static value ǫ(0).
In the PWS approximation, the interaction between a sphere and a plate has been computed in Sec. II, formula (9) . In the long-range limit the general PWS result (9) can be simplified to:
Here we have α A = α B and n A v = n B v since the materials for the sphere and the slab are supposed to be identical.
In order to compare the exact Casimir interaction and its PWS estimate, we use once more the ClausiusMossotti relation (24) to express α(0) as a function of ǫ(0). We now compute the ratio U The first observation is that the ratio U PWS sph−p /U sph−p is dependent on the parameter L R : for small values (i.e. very large spheres) this ratio tends to the plate-plate result, recalled by the red curve. On the opposite, for large values of L R (i.e. small spheres) the curves converge to the atom-plate result, presented with a dark curve, except for very large values of ǫ. Indeed, the small-sphere limit (R ≪ L) for perfect mirrors yields a ratio 15 . This shows that the two limits (R ≪ L) and (ǫ(0) → ∞), of a small sphere and of a perfect reflector, do not commute. The ratio 3 2 is typical for this non-commutativity 24 and can be traced back to the small parameter-limit for the Mie coefficient b ℓ , or in other terms, to the impossibility to have a magnetic point-like dipole.
V. CONCLUSION
We have investigated the error made by the pairwise summation method in three geometries where the exact formula for the Casimir interaction is known, the atomslab, the slab-slab and the sphere-slab geometry. The scattering approach to the Casimir effect has enabled us to show, through an analytical comparison of reflection coefficients, that the PWS result is incorrect even for an infinitely thin slab interacting with an atom, unless the material is infinitely dilute. This analysis has stressed the fundamental importance of local field effects among the many-body effects that PWS fails to take into account.
We have then studied the influence of the material on the error made by PWS. This study has shown that the error made by the PWS method is much higher in the experimentally relevant case of dielectric materials such as silicon than for perfect reflectors. We have reached this conclusion in the long range limit, both in the atom-slab and in the slab-slab geometry. The existence of a maximum in the error made by PWS for the permittivity of usual dielectrics is not easy to understand intuitively and sheds light on the complexity of the error made by PWS. So does the fact that PWS can underestimate or overestimate the Casimir interaction in the slab-slab geometry depending on the slab permittivity. Although the error made by PWS is influenced by the slab thickness, in both geometries studied, it turns out to be no more accurate in the case of thin slabs than in the case of thick ones. This result confirms that the fact that PWS does not take into account the screening of electromagnetic fields cannot be the only explanation of the errors made by this method. For silicon slabs, PWS was found to underestimate or overestimate the Casimir interaction depending on the thickness in both geometries, showing once again the complexity of the error made by PWS.
